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EXPRESSIONS FOR THE ELEMENTS OF A DETERMINANT 
IN TERMS OF THE MINORS OF A GIVEN ORDER. GEN- 
ERALIZATION OF A THEOREM DUE TO STUDNICKA. 



By L. B. DICKSON. 



I. It is desired to express the n % elements a^ of a determinant D= | ay | 
in terms of the 2 n , m minors of order m. Arrange these minors in a determin- 
ant A so that there shall appear in one row [column] all the O n<m minors built 
from the elements of the same m rows [columns] of D ; then a is called the mth 
compound of D. It is well known that 

(1) D^n-l, ™-l_ A# 

For the applications in view it suffices to assume that A ^0, whence ~Dj£ 0. 

One symmetrical method of treating the problem consists in determining 

all the minors M m ^i of order m— 1, then all the minors Jf„_ 2 , , and finally the 

ttij. We first determine D from (1) by a root extraction.* By Studnicka's 

*We can however find D by the extraction of a dth root, where d is the 
greatest common divisor of m and n, since D* equals a sum of products of the 
M m . For instance, if d—1, this follows from Laplace's expansion of D in the 

form t^M m M" m M% /m) , where M m is formed from the first m rows of D, 

M' m from the second m rows, etc. Again, if d—2 take n=6, m=4 for brevity of 
writing; then 
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theorem, a very special case of formula (6) proved below, M%I%D can be 
expressed rationally in terms of the M m , so that any minor Jf m _i can be found 
by root extraction. 

Such a method may properly be rejected since it introduces an array of 
radicals of various orders. It is in fact possible to express the a# in terms of 
the minors M m so that the only irrationality entering is the mth. root of a certain 
rational function of the M m . It is evident a priori that the a tj are at least m val- 



ued functions of the M m 



root of unity, then the products ea^. 



For, if the a„ give one set of solutions and if £ is an with 



a'., give another set of solutions, since 



"We shall henceforth demand solutions a tf which are ex- 



actlyf m-valued functions of the M m . 

2. I give first a very elementary method of solution. For general m I re- 
ly upon the argument now given for the simplest case m=n— 1. Let A ti be the 
co-factor (minor of order w— 1 with prefixed sign) of a# in D. Then a = | A# | 
=D n — 1 , so that D is the mth root of a rational function of the M m . It is well 
known that the determinant of order w— 1, obtained from a by deleting the ith 
row andjth column, equals D™- 2 ^-, apart from sign. Hence the a# are rational 
functions of the M m and of the mth root of a certain rational function of the M m . 

3. By way of illustration, consider the case m— 2 (w arbitrary), so that 
the minors M 2 of order 2 are given. From formulae like 
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where Ay is the minor of a^ in | a^ | , we can test whether or not a given M , 
vanishes. Since the M 3 built from the first three rows of D do not all vanish, 
we assume that, for example, the determinant in the left member of (2) is not 
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as shown by adding the 1st row to the 7th, 2d to 8th, 11th to 5th, and 12th to 6th. 
By Laplace's expansion, the last is expressed in terms of the M^. It is readily 
shown that D& is the lowest power of D which is rational in the M m . 

tA direct proof that the solutions are expressible as m- valued functions is given in Idnear Groups, 
p . 146 , §154. I did not consider there the present problem of exhibiting the solutions . 
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zero. Then by §2, the nine elements a t1 , , a 33 can be readily expressed 

rationally in terms of the Jf 2 and the square root of the second determinant (2). 

Not all the minors A- i3 , A 32 , A 31 vanish, say A 3i7 ±0. Having the min- 
ors a 11 a 2i — a 21 a u - and a, 3 a 2 «— a 23 a 1t -, we get a 2 ,- and a u since the determinant 
of their coefficients is — A :i 2 . In this way we can determine a, it a. 2i , a 3i , a it , a <2 , 

a t3 (t=4, , w). Of the elements previously found let a, 3 ^0, for example. 

We may now find a rs (r>3, s>3) from a l3 a rs —a ls a rs . 

4. As a further illustration, consider the case m=3. Of the determin- 
ants of order 4 built from the first four rows of D, suppose that 



(3) 



12 13 14 15 
42 43 44 45 



*0. 



By §2, the sixteen elements of (3) are readily expressed as rational functions of 
the minors Jlf g and the cube root of a rational function of the M 3 . We next de- 
termine a lr , a ir , a 3r (r=l, 6, 7, , ri). Consider the six M 3 : 



a sr 
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(i,j=2, 3, 4, 5;i<j). 



From three of these M s we can find a gr , — a ir , a ir if* the determinant of their 
coefficients is ^0. For i,j—2, 3; 2, 4; 3, 4, this determinant is 
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Indeed, by interchanging rows and columns in the first, we have a special case 
of (I). For i, j—2, 3; 2, 5; 3, 5, the determinant equals 
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etc. But not all minors of order 3 built from the first three rows of (3) vanish. 
Thus a ir , a ir , a 3r may be considered to be found. Of the minors from the first 



two rows of (3), let a| 3 a 2 



4 a 2 s ^0. We may thus get a ir from 



♦This determinant vanishes if i, i=2, 8; 2, 4; 2, 5. 
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Similarly, we can find every a a2 , a Si , a, 4 , a, 6 . 



Finally, from 



I 11 13 14 | 
| 21 23 24 | 

| M k'6 M | 

we determine a n (Jc any j±\, 2, 3, 4; I any ^2, 3, 4, 5). 

5. The following method of solution for the important case »»-=2 offers 

greater symmetry than that of §3. We show that, if t, i lt t 2 , , i n -2 are any 

positive integers ^w, a Hr , a H ,, , <W»-2# equals a certain determinant of order 

m— 1 whose elements are all minors of degree 2 of D= | a# | . Let;^ be any in- 
teger 9 ii 1 , of the set 1, , n; let; 2 beany one ^i 2 orj, ; ; 3 any ^i 3 , j,, j s ; 

; in-2 any ^ t„_ 2 , j, , j 2 , , j n -\ ; jn-i and j n the remaining two. Set i n -i 

=j n . Call d the ith column in D. Subtract a^Cj, from a t i x G H , a^G it from 
aw, O it , , atjn-i Gin-i from ati n -i Cjn-i- Hence a Ml a<in-i-D equals a de- 
terminant the elements of whose j„th column are the same as in D, while the 
element lying in the J„th column (s<n) and rth row is 

ati s Clrj s — Cltjs (Iris = Trj s ■ 

Hence in the tth row all the elements are zero except that in the j n th column. 
Thus the new determinant is %„ times its co-factor. Hence 

(4) a Wl .....a tin _ 2 D=(-l)«+i« | T^ | (»=1, ...... n-1 j r=l, , t-1, t+1, .-.., w), 

the sequence of columns being that of the order of magnitude of j,, ,jn-i- 

By interchanging the rows and columns of D we obtain similarly 

(5) a iit a <n _ 2 D=rational functions of minors of degree 2. 

Giving fixed values to i 2 , , t*„_ 2 , and varying t lt we conclude that the 

ratio of any two elements a of the same row (or column) is a known rational 
function of the minors of degree 2. Thus if a ta ^0, a a —B l =a tlT , a ka ^=B k 'a ta , for 
every I, Tc. To prove that a 2 t<T is a rational function of the minors of degree 2, 
consider any non-vanishing minor D 4 of degree 4 of Z>. By Laplace's expan- 
sion, D 4 is a rational function of the minors of degree 2. Applying (1) for 
n=4, t 1 =t s =ff, we conclude the same for a s t(r D 4 . Hence a' l t(T =B, where B is 
a rational function of the minors of degree 2. Now the minor 



«fc<r 



a tl 



=««<r «*j— BiB' t a i ur=B(a k i/a t<r —BiB' h ). 
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Hence a k i-7-a t(r is a rational function of the minors of degree 2. Every element a 
is a rational function of \/T& and the minors. 

6. In conclusion I establish a general theorem on determinants which in- 
cludes (4) as one special case, and Studnicka's theorem (cited in §1) as another 

very special case. Let r, , r 2 , — , r m _i be any distinct integers of the set 1, , n ; 

likewise for i ix , i Xi , — , t'i „_!, j x . Let r be any integers ^w. In 



M rh = 



*™lm-l 



Otfi 



a »-iiii a r t i„ ffl »V'im-l flr i^i 



a r m -l Hi a r m -i i„ — ^m-ltlm-l a r m -l h 

call A rtiI , , J. 0i the co-factors of the elements of the first row. Call G t the 

ith column in D= | a tj | . Multiply G isi by A Hii , O il% by A H „ , O hm _ 1 by 

A Hlm _ v and add the products to G^xA^. Hence A rji D equals a determinant 
whose elements outside column G jt are the same as in D, while the element lying 

in the ^',th column and rth row is M rji , whence those in the rows r,, , r m _i are 

zero. Next, let i ti , i. i2 , , i 2m _i,j a be any distinct integers other than j, of 



the set ] , 



In 



M*,a 



«H 31 


«*.. 


ar hm-l 


a ri i tl 


a r ,i„ 


ar iHm-l 


a rm-l *». 


ar m-\ *" " 


a »m-l hm-1 



a r*h 



*r m _i J t 



call Ari ti , , A r j, the co-factors of the elements of the first row. Add 

Oi.Arin, G i2m-i A n 2m -i t0 G h A rt,- Henee A vAf3, B e 1 uals a determinant 

whose elements outside columns Gj T G^ are the same as in D, while the elements 
in columns j, and j. i and rth row are Jf Ur and M r j t , respectively. For the third 

step of the argument, i 3 , , , i 3m -ij 3 are any distinct integers other than j t , 

j 2 of the set 1, , n. For the (n— >w4-l)th step, i n - m +i, , *V-m+i »»-i> 

jn-m+i are any distinct integers other than j t ,j 2 , ,j n -m of the set 1, , n. 

After this final step, A ril A^,, , A ri _ +1 D equals a determinant whose ele- 
ments outside columns Oj It , G jnm+1 are the same as in D, while the ele- 
ments in these columns and the rth row are M^ t , , M rjn _ m+1 , respectively. 

In particular, the latter elements are obviously zero for r=rj, , r m _i. By 

Laplace's development the determinant is, apart from sign, A rJn _ m+1 x co-factor. 
The sign is determined by the fact that our co-factor is gotten by deleting the 
rows r lt , r m _i and the columns i n -m+\ i, , in-m+i ™-i- Thus 



(6) 

(*=1, 

of the determinant A r j, is a r 



A r\, A ^, , A r j n _ m D=± I Mri, | 

-m + 1; r=l, , n;rj£.r x , , rm_i), where the diagonal term 



' a,r m-\ Hm—V 
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